Abstract. This is an expanded version of the talk by the author at the conference Polynomial Rings and Affine Algebraic Geometry, February 12-16, 2018, Tokyo Metropolitan University, Tokyo, Japan. Considering a local version of the Zariski Cancellation Problem naturally leads to exploration of some classes of varieties of special kind and their equivariant versions. We discuss several topics inspired by this exploration, including the problem of classifying a class of affine algebraic groups that are naturally singled out in studying the conjugacy problem for algebraic subgroups of the Cremona groups.
1. Introduction. This is an expanded version of the talk by the author at the conference Polynomial Rings and Affine Algebraic Geometry, February 12-16, 2018, Tokyo Metropolitan University, Tokyo, Japan.
Our starting point is a local version of the Zariski Cancellation Problem (LZCP). Its consideration naturally leads to distinguishing a class of varieties of a special kind, called here flattenable, and a more general class of locally flattenable varieties. We discuss the relevant examples, including flattenability of affine algebraic groups and the related varieties, in particular, we prove that all smooth spherical varieties are locally flattenable. This is completed by answering (LZCP). We then consider the equivariant versions of flattenability and obtain a series of results on equivariant flattenability of affine algebraic groups. In particular, we prove that a reductive algebraic group is equivariantly flattenable if and only if it is linearly equivariantly flattenable, and we prove that equivariant flattenability of a Levi subgroup of a connected affine algebraic group G implies that of G. The latter yields that every connected solvable affine algebraic group is equivariantly flatenable. As an application, we briefly survey a special role of equivariantly flattenable subgroups in the rational linearization problem. Then we dwell on the classification problem of equivariantly flattenable affine algebraic groups G. We prove that every such G is special in the sense of Serre, which implies that if G is reductive equivariantly flattenable, then its derived group if a product of the groups of types SL and Sp. We complete this discussion with the unexpected recent examples of reductive equivariantly flattenable groups, whose derived groups do contain factors of type Sp. In the last section, the local version of equivariantly flattenable varieties and the relevant version of the Gromov problem are briefly considered.
Notation and conventions. We fix an algebraically closed field k of characteristic zero. In what follows, as in [Bo 1991] , [PV 1994 ], variety means algebraic variety over k in the sense of Serre (so algebraic group means algebraic group over k). Unless otherwise specified, all topological terms refer to the Zariski topology. We use freely the standard notation and conventions of loc. cit., where the proofs of the unreferenced claims and/or the relevant references can be found. Action of an algebraic group on an algebraic variety means algebraic (morphic) action; homomorphism of an algebraic group means algebraic homomorphism.
We also use the following notation:
· A * is the group of units of an associative k-algebra A with identity. · Mat n×m is the k-vector space of all n × m-matrices with entries in k,; for n = m, it is naturally endowed with the k-algebra structure. 4. Examples of locally flattenable varieties.
1. Homogeneous spaces.
Theorem 2. Let X be an irreducible variety. If the natural action of Aut(X) on X is transitive, then the following properties are equivalent: (a) X is a rational variety; (b) X is a locally flattenable variety.
Proof. If (a) holds, then X contains an open flattenable subset U . Since U and gU for any g ∈ Aut(X) are isomorphic, (b) follows from the equality X = g∈G gU (the latter holds because of the transitivity condition). Definition 1 implies (b)⇒(a).
Corollary 3. Let G be a connected affine algebraic group and let H be a closed subgroup of G. Then the following properties are equivalent: (a) G/H is a rational variety; (b) G/H is a locally flattenable variety.
Remark 4. Maintain the notation of Corollary 3. There are nonrational (and even not stably rational) varieties G/H, where G is Theorem 5. Let X → Z be an (algebraic) vector bundle over an irreducible variety Z. If Z is locally flattenable, then X is locally flattenable as well.
Proof. Since the fibers of X → Z are isomorphic to an affine space, and, by [Se 1958, Thm. 2], algebraic vector bundles are locally trivial in the Zariski topology, the claim follows from Definition 1.
Let G be a connected algebraic group, H its closed subgroup, and F a quasiprojective variety endowed with a regular action of H. Then we have (see [PV 1994, 4 .8]) the algebraic homogeneous fiber space G × H F over G/H with fiber F ; the natural projection π G,H,F : G × H F → G/H is locally trivial in theétale topology. If F is a vector space V over k and the action of H on V is linear, then π G,H,V is an algebraic vector bundle over G/H with fiber V . Combining Corollary 3 and Theorem 5 yields Corollary 6. Maintain the above notation. If G/H is rational, then G× H V is locally flattenable.
Theorem 7. Let G be a connected reductive algebraic group and let X be a smooth affine variety endowed with an action of G. Assume that Proof. Let X be a smooth spherical variety of a connected reductive group G.
First, X is rational because every B-orbit is rational (the latter is isomorphic to the complement of a union of several coordinate hyperplanes in some affine space [Gr 1958, Cop. p.5-02]).
Secondly, every G-orbit in X is spherical (see, e.g., [Ti 2011, Prop. 15.14]), hence rational. Therefore, by Theorem 7, if X is affine, then X is locally flattenable.
Thirdly, arbitrary X is covered by open subsets, each of which is isomorphic to a variety of the form P × L Z, where P and L are respectively a parabolic subgroups of G and a Levi subgroup of P , and Z is an affine spherical variety of L; see, e.g., [Ti 2011, Thm. 15.17]. Since X is smooth, Z is smooth as well. Therefore, as explained above, Z is locally flattenable. The variety P × L Z is isomorphic to the product of Z and the underlying variety of the unipotent radical of P . Since this underlying variety is isomorphic to an affine space [Gr 1958, Cor. p. 5-02], we infer that P × L Z is locally flattenable. Therefore, X is locally flattenable, too.
Since every toric variety is spherical, Theorem 8 implies 
Curves and surfaces.
For varieties of dimension 2, the answer to (Gr) is affirmative:
. Every irreducible rational smooth algebraic curve or surface X is locally flattenable.
Proof. If X is a curve, it admits an open embedding in P 1 . If X is a surface, it admits an open embedding in a projective smooth surface, which, being rational, is obtained by repeated point blow-ups of a minimal model, i.e., either P 2 or a Hirzebruch surface F n , n = 1. Since P 1 , P 2 , and F n are toric varieties, the claim follows from Corollary 9 and Theorem 10.
Local version of (ZCP). Given Definition 1, the local version of the Zariski Cancellation Problem mentioned in Subsection 2 is formulated as follows:
Are there affine varieties X and Y such that Y and X × Y are flattenable, but X is not flattenable?
In Subsection 7 we show that the answer to (LZCP) is affirmative.
Flattenable varieties vs. locally flattenable varieties. Flattenable varieties have special properties:
Lemma 12. Let X be an affine flattenable variety and let ϕ :
Proof. Assume that the closed set A n \ ϕ(X) is nonempty. Then, since X is affine, the dimension of every irreducible component of this set is n − 1. Therefore, Pic(A n ) = 0 implies that
Lemma 13. For a connected affine algebraic group G, the following properties are equivalent: (a) as a variety, G is isomorphic to an affine space; (b) as a group, G is unipotent. Theorem 14. Let G be a connected affine algebraic group, and let RG be its radical. 
is then a nontrivial character. According to [Po 2011, Lem. 1.1], the existence of such a character is equivalent to the property that RG is not unipotent; whence (b).
Corollary 15. Let G be a nontrivial connected reductive algebraic group. If G is flattenable, then the dimension of its center is positive. In particular, every semisimple G is not flattenable.
Answering (LZCP).
Theorem 16. There are affine varieties X and Y such that 
is an isomorphism of varieties: its inverse is
Hence we can take X = SL n for n > 1, and Y = GL 1 .
In Remark 38 below one can find other examples.
Equivariantly flattenable varieties.
Definition 17. A variety X endowed with an action of an algebraic group G is called equivariantly (respectively, linearly equivariantly) flattenable if there are · an action (respectively, a linear action) of G on some A n ; · a G-equivariant open embedding X ֒→ A n .
Definition 18. An algebraic group G is called equivariantly (respectively, linearly equivariantly) flattenable if G, as a variety endowed with the Gaction by left multiplication, is equivariantly (respectively, linearly equivariantly) flattenable. 
is linearly equivariantly flattenable for any n 1 , . . . , n s . Taking n 1 = . . . = n s = 1 yields that every affine algebraic torus is linearly equivariantly flattenable.
4. Generalizing Example 19.1, let A be a finite-dimensional associative kalgebra with identity. The group A * is a connected affine algebraic group. It is open in A and invariant with respect to the action of A * on A by left multiplication, cf. [Bo 1991, I,1.6(9)]. Hence A * is a linearly equivariantly flattenable group. For A = Mat n×n , we obtain A * = GL n . More generally, if A is semisimple, then A * is a group of type (3), and all groups of type (3) are obtained in this way.
5. Every G = SL n × GL 1 is equivariantly flattenable. Indeed, consider the G-module structure on V = Mat n×n defined by the formula
Theorem 20. The following properties of a connected reductive algebraic group G are equivalent: [PV 1994, Thm. 6 .7]), there are a closed reductive subgroup L of G and a finite-dimensional algebraic L-module V such that A n and G × L V are G-equivariantly isomorphic. We claim that this implies
If (4) is proved, then A n and V are G-equivariantly isomorphic, which proves (a)⇒(b). So it remains to prove (4). In view of connectedness of G, to this end it suffices to prove dim(L) = dim(G).
Since char(k) = 0, by the Lefschetz principle we may (and shall) assume that k = C; in the remainder of the proof topological terms are related to the Hausdorff C-topology. Since A n is simply connected, G/L is simply connected as well, hence L is connected.
We now note that the dimension any connected complex reductive algebraic group R is equal to the maximum m R of i such that H i (R) = 0 (singular homology with complex coefficients). Indeed, if K is a maximal compact subgroup of R, then the Iwasawa decomposition of R shows that R, as a manifold, is a product of K and a Euclidean space. Hence R and K have the same homology. Since K is a compact oriented manifold, this shows that m R is equal to the dimension of the Lie group K. As R is the complexification of K, the statement follows.
So to prove (4) is the same as to prove m G = m L . In fact, since L is a subgroup of G, the above equality m R = dim(R) yields m G m L , so to prove m G = m L we only need to prove the inequality
As is known (see, e.g., [Hu 1959, Chap. IX, Thm. 11.1]), the spectral sequence of the natural fiber bundle G → G/L yields the following inequality for the Betti numbers
On the other hand, since G × L V is a vector bundle over G/L and G × L V is isomorphic to A n , we have
From (6), (7) we infer that
The definition of m L and (8) then yield (5). This completes the proof. Recall that a Levi subgroup of a connected affine algebraic group G is its (necessarily reductive) subgroup L such that G is the semi-direct product of L and the unipotent radical R u G of G; since char(k) = 0, such L exist and are conjugate in G; see, e.g., [Bo 1991, 11 .22]. 
We identify V with the fiber of
Since the L-stabilizer of any point v ∈ O is trivial, the Gstabilizer of v is trivial as well. From this and (9) Proof. Levi subgroups of connected solvable affine algebraic groups are tori. As the latter are equivariantly flattenable, the claim follows from Theorem 22.
9. Flattenable vs. equivariantly flattenable varieties. The following shows that there are affine flattenable varieties endowed with actions of reductive algebraic groups, which are not linearly equivariantly flattenable.
Example 24. As is known (see, e.g., references in survey [Kr 1996]), there are affine spaces endowed with nonlinearizable actions of reductive algebraic groups. By Lemma 12, they are not linearly equivariantly flattenable.
Example 25. Let S be a connected semisimple algebraic group, whose center CS is nontrivial, and let G be a finite subgroup of S, whose centralizer in S is CS. Note that such pairs S, G do exist. For instance, let F be a nontrivial finite group, satisfying the following conditions: (a) there are no nontrivial characters F → GL 1 ; (b) there is a faithful irreducible representation ϕ : F → GL n .
Say, (a) and (b) hold for any nontrivial simple F . By (a), we have ϕ(F ) ⊂ SL n ; therefore, we may (and shall) identify F with ϕ(F ) and consider F as a subgroup of SL n . By (b) and Schur's lemma, the centralizer of F in SL n is the cyclic group {εI n | ε ∈ k * , ε n = 1} of order n, which is the center of SL n . We have n 2 because of (a), so this center is nontrivial. Hence, SL n , F is an example of the pair of interest.
Returning back to S and G, let B, B − be a pair of opposite Borel subgroups of S. Then the "big cell" Θ := B − B is an open subset of S isomorphic to the complement of a union of several coordinate hyperplanes in L := A dim(S) ; in particular, C is an affine flattenable variety. We have
because CS ⊂ B (see, e.g., [Bo 1985, 13 .17, Cor. 2(d)]). Now we consider the conjugating action of G on S. Its fixed point set S G is CS. The set X := g∈G gΘg −1 is a G-stable open subset of S. In view of (10), it contains CS, therefore,
Since Θ is an affine flattenable variety, X is such a variety, too. We claim that X is not linearly equivariantly flattenable. Assume the contrary. Then there is a linear action of G on L such that there is a Gequivariant open embedding X ֒→ L; we identify X with the image of this embedding.
and X is open in L, this implies that X G is irreducible. The latter contradicts (11), because S is semisimple, and hence CS is finite (and nontrivial).
Remark 26. For X in Example 25, as a G-variety, the following alternative holds. Either X is not equivariantly flatenable. Or X is equivariantly flattenable, but the action of G on an affine space, extending that on X, is nonlinearizable.
Question 27. Are there flattenable reductive algebraic groups, which are not equivariantly flattenable?
10. Equivariantly flattenable subgroups of the Cremona groups. As an application, below is briefly surveyed a special role of equivariantly flattenable subgroups in the conjugacy problem for algebraic subgroups of the Cremona groups Cr n (i.e., in the rational linearization problem). We refer to [Po 2013 1 ], [PV 1994 ] and references therein regarding the basic definitions and properties of rational algebraic group actions, in particular, the definition of embeddings
Theorem 28 ([Po 2013 1 , Thm. 2.1]). Let G be a connected algebraic subgroup of the Cremona group Cr n . Assume that (i) G is linearly equivariantly flattenable;
(ii) the natural rational action of G on A n is locally free. If the field extension k(A n ) G /k is purely transcendental, then G is conjugate in Cr n to a subgroup of GL n (i.e., the natural rational action of G on A n is rationally linearizable).
For tori, the sufficient condition of Theorem 28 for rational linearization is also necessary: (a) T is conjugate in V to a subgroup of GL n ; (b) the field extension k(A n ) T /k is purely transcendental.
The sufficient condition of Theorem 28 for rational linearization always holds true in the stable range:
. Let G be a connected algebraic subgroup of the Cremona group Cr n such that assumptions (i), (ii) of Theorem 28 hold. Then there is an integer s 0 such that, for the rational action of the group G on A n+s determined by embedding (12), the field extension k(A n+s ) G /k is purely transcendental. 
and consider in L the affine subspace
From (iii), (13), (14) 
Next, one shows the existence of a point v 0 ∈ V whose G-stabilizer is trivial. In view of (17), the orbit map G → V , g → g·v 0 is then a G-equivariant open embedding.
Remark 38. Since the group Sp 2n is not flattenable by Corollary 15, but GL 2n−1 × GL 2n−2 × · · · × GL 1 is flattenable, Theorem 37 provides other (than that in the proof of Theorem 16) examples, which yield the affirmative answer to (LZCP). Definition 39 leads to the following equivariant version of Gromov's question (Gr):
Is every irreducible smooth rational G-variety equivariantly locally flattenable?
The examples in [Pe 2017, Sect. 4] show that the answer to (EqGr) is negative.
